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We analyze the cross-plane miniband transport in n-doped [001] silicon (Si)/germanium (Ge) superlattices
using an effective mass approximation (EMA) approach that correctly accounts for the indirect nature of the
Si and Ge band gaps. Direct-gap based EMA has been employed so far to investigate the electronic properties
of these superlattices, that does not accurately predict transport properties. We use the Boltzmann transport
equation framework in combination with the EMA band analysis, and predict that significant improvement of
the thermopower of n-doped Si/Ge superlattices can be achieved by controlling the lattice strain environment
in these heterostructured materials. We illustrate that a remarkable degree of tunability in the Seebeck
coefficient can be attained by growing the superlattices on various substrates, and varying the periods, and
the compositions. Our calculations show up to ∼ 3.2-fold Seebeck enhancement in Si/Ge [001] superlattices
over bulk silicon, in the high-doping regime, breaking the Pisarenko relation. The thermopower modulations
lead to an increase of power factor by up to 20%. Our approach is generically applicable to other superlattice
systems, e.g., to investigate dimensional effects on electronic transport in two-dimensional nanowire and
three dimensional nanodot superlattices. A material with high S potentially improves the energy conversion
efficiency of thermoelectric applications and additionally, is highly valuable in various Seebeck metrology
techniques including thermal, flow, radiation, and chemical sensing applications. We anticipate that the
ideas presented here will have a strong impact in controlling electronic transport in various thermoelectric,
opto-electronic, and quantum-enhanced materials applications.
I. INTRODUCTION
Dimensionally-confined semiconductor heterostruc-
tures, such as quantum wires,1–3 superlattices,4–10 and
quantum dots,11,12 have been demonstrated to exhibit
remarkable tunability of electronic and thermal trans-
port properties, and thus offer great promises for energy
transport applications. Consequently, heterostructured
materials are actively being investigated to enable ef-
ficient and green energy transport and conversion ap-
plications, and to meet the increasing energy demands
imposed by various modern day devices. The intrigu-
ing transport properties observed in these materials have
been mainly attributed to the unique features in their
density of energy states, distinguished from the bulk ma-
terials characteristics. Among various heterostructures
studied, silicon (Si)/germanium (Ge) based heterostruc-
tures are of high technological relevance due to applica-
tions in the fields of electronics,13,14 optoelectronics,15–19
thermoelectrics,20–22 and quantum materials23 to name
a few. With the advancements in nanofabrication tech-
niques like molecular beam epitaxy (MBE)24,25 method,
it is now possible to grow defect-free Si/Ge based het-
erostructures. Moreover, Si and Ge are non-toxic, cheap,
readily available, and can be easily integrated into the
current Si based technology making them strong candi-
date materials for a broad class of energy applications.
Therefore, to address the ever-growing need for efficient
and green energy conversion, it is imperative to acquire a
a)Electronic mail: sanghamitra.neogi@colorado.edu
fundamental understanding of the transport properties of
Si/Ge heterostructures, particularly aimed at their ther-
moelectric applications.
A thermoelectric material converts energy at its peak
efficiency when the figure of merit, ZT = S2σT/κ, is
maximized, where S is the thermopower or the Seebeck
coefficient, σ is the electrical conductivity, κ is the to-
tal thermal conductivity, and T is the absolute tempera-
ture. In the past decade, significant amount of research
aimed at improving the ZT by reducing κ.26–32 It was ob-
served that κ of semiconductor superlattices is strongly
reduced due to the presence of interface scattering mecha-
nisms.33,34 Therefore, it is desirable to improve the factor
S2σ, known as the electronic power factor (PF), in order
to further improve ZT . Enhancing S has been reported
to enhance the PF of semiconductor superlattices.7,35 In
addtion to improving the energy conversion efficiency, a
material with high S is advantageous in various Seebeck
metrology techniques including thermal, flow, radiation,
and chemical sensing applications.36,37 Therefore, it is
beneficial to discover approaches to improve the ther-
mopower and the PF of heterostructured materials for
various technological applications.
In a seminal paper, Koga et al. 5 introduced the car-
rier pocket engineering (CPE) concept that the PF of
the Si/Ge superlattices can be improved by varying the
electronic properties of the well and the barrier regions,
leading to significantly improved ZT s. ZT = 0.24 and
0.96 were predicted for n-doped [001] and [111] Si/Ge su-
perlattices at 300 K, respectively, compared to the bulk Si
ZT of 0.014 at 300 K, and encouraged researchers to ex-
plore the Si/Ge superlattices with more rigor.5 The the-
oretical analysis in this study5 was carried out employing
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2a Kro¨nig-Penney (KP) type model that ignored the indi-
rect nature of the Si and Ge electronic band gaps. And
no details were provided regarding the thermopower con-
tributing to the improved ZT . A first principles density
functional theory (DFT) study on strained [111] Si/Ge
superlattices showed that ZT can indeed be improved
for these superlattices, establishing the CPE concept.10
Interestingly, for n-doped [111] Si/Ge superlattices, no
significant enhancements in S were observed. Moreover,
it was shown that S very closely resembles the bulk Si
behavior, following a Pisarenko-like relationship. On the
other hand, our recent DFT study demonstrated that
strain engineering the n-doped [001] Si/Ge superlattices
can break the Pisarenko relation for S in the cross-plane
direction leading to significant increase of S.38,39 How-
ever, the effect of the enhancements in S on the PF has
not been discussed. A complete understanding of the
electronic transport properties of the highly technologi-
cally relevant [001] Si/Ge heterostructures is still missing.
In this article, we present our theoretical predictions
of the cross-plane S of n-doped [001] Si/Ge superlattices,
along with its implications on the PF. We account for the
indirect nature of the Si and Ge band gaps, by using an
indirect-gap based effective mass approximation (EMA)
model,35,40–42 for the miniband dispersion of these su-
perlattices, as opposed to the past KP model studies.5,43
From the miniband dispersions obtained, we employ the
Boltzmann transport equation framework with constant
relaxation time to show that the cross-plane S of various
Si/Ge superlattices can be modulated varying strain, pe-
riod and composition. We show that the Pisarenko rela-
tion for S is broken not only by inducing substrate strain
in the superlattices, but also by varying period and com-
position of strain-symmetrized superlattices. We predict
up to ∼ 3.2-fold enhancement of the cross-plane S when
compared to the bulk Si in the high-doping regime. Addi-
tionally, S of these superlattices shows a non-monotonic
behaviour with T in the low-doping regime. This indi-
cates that ZT may not monotonically increase with T
as is expected for Si/Ge superlattices. The primary ad-
vantage of our EMA based approach is that it is much
faster than other high accuracy methods, such as DFT,
especially for larger systems, and it helps us to form pre-
liminary intuition about the systems considered.
II. METHOD
We derive the analytical dispersion relations of the
[001] Si/Ge superlattice energy bands employing the
EMA, also known as the envelope function approxima-
tion.35,40,41 In the EMA, the superlattice energy band
dispersion relations are determined using the bulk param-
eters of its constituents and the band offsets. Previous
studies that used EMA to compute energy bands of the
Si/Ge superlattices used KP-like models that accounted
for the correct superlattice band gap values, however, ig-
nored the indirect nature of the Si and Ge band gaps.5,43
Ignoring the indirect/multivalleyed nature of the CBM
has a direct effect on the predicted superlattice transport
properties. Here we follow the multivalley band struc-
ture analysis method presented by Mukherji and Nag 42
in our EMA implementation to account for the indirect
nature of the Si and Ge CBM. We then use the superlat-
tice bands obtained with EMA to compute the electronic
transport properties using Boltzmann transport equation
(BTE) within the constant relaxation time approxima-
tion.
A. Analytical Dispersion Relations of Si/Ge Superlattice
Bands Using Effecting Mass Approximation
1. Conduction Bands
It is well known that the 6-fold degenerate ∆ valleys
form the Si conduction band minima (CBM), while the
8-fold degenerate L valleys form the Ge CBM.44 How-
ever, the miniband energy levels from the L valley states
are much higher than those from the ∆ valleys in [001]
Si/Ge superlattices.5 As a consequence, the electronic
transport in n-doped [001] Si/Ge superlattices is dom-
inated by the ∆ valley states.5 We derive the conduc-
tion miniband dispersion (CMB) of the ∆ valley states
using EMA. It is necessary to identify the lattice spac-
ings and the superlattice potential profiles to obtain the
miniband dispersion relations. In relaxed configurations,
Si and Ge lattice constants are aSi = 5.431 A˚ and
aGe = 5.658 A˚, respectively.
45 In a strain-symmetrized
(SS) superlattice, both the Si and Ge components are
strained due to this lattice mismatch. Additionally, su-
perlattices are usually grown on substrates which can
induce further strain. We compute the lattice param-
eters of the SS and the substrate strained superlattices
by using the macroscopic elastic energy minimization ap-
proach.46 We assume that the in-plane lattice constants
of both the constituents of a substrate strained superlat-
tice are matched to the substrate lattice constant a‖. The
cross-plane lattice constants of the components are given
by ai⊥ = ai[1−Di[001](a‖/ai−1)], where ai represents un-
strained lattice constants with i = Si, Ge, DSi[001] = 0.776,
and DGe[001] = 0.751.
47 The in-plane and cross-plane strain
in the superlattices are defined as i‖ = (a‖/ai − 1) and
i⊥ = (ai⊥/ai − 1), respectively.46 In this article, we
investigate strain-symmetrized superlattices with varied
period and composition, and the superlattices grown on
substrates that induce in-plane strains in Si and Ge, rang-
ing from Si‖ = 0%− 4.2% (tensile) and Ge‖ = 0%− 4%
(compressive), respectively.43,46 We assume that the in-
terface is smooth and the superlattice is periodic in the
in-plane directions.
The strain in the components splits the 6-fold degen-
erate ∆ valleys of unstrained Si and Ge into 2-fold de-
generate ∆⊥ valleys and 4-fold degenerate ∆‖ valleys.
We compute the strain controlled potential profiles of
3the ∆⊥ and ∆‖ valleys in each material using the defor-
mation potentials of bulk Si and bulk Ge.46 We denote
the strain-split valley minima by V ji with i = Si or Ge
and j = ⊥ or ‖, respectively. The Si ∆ valleys form the
well regions and the Ge ∆ valleys form the barrier re-
gions in all the superlattices studied in this work.43 We
acknowledge that the two-fold degenerate ∆⊥ valleys are
multi-valleyed and intervalley mixing effects can result in
the lifting of degeneracy of these valleys.48,49 However,
these effects decrease with increasing period and are pre-
dicted to result in sub-band splitting in Si/Ge superlat-
tices on the order of meV,50 which is much smaller than
the strain splittings predicted in our study. Therefore, we
disregard the effects of intervalley mixing in our analysis.
The Si and Ge ∆ valleys correspond to ellipsoidal Fermi
surfaces (FS) directed along the [100], [010], and [001]
directions, centered at a distance of ∼ 0.85(2pi/aSi) and
∼ 0.85(2pi/aGe) from the zone center (Γ−point) of Si and
Ge, respectively. However, we assume that the Si and Ge
∆ valley minima coincide at (±kx0, 0, 0), (0,±ky0, 0), and
(0, 0,±kz0), with kx0 = ky0 = kz0 = 0.85(2pi/aSi), for the
sake of simplicity. Additionally, we consider the mixing of
electronic states from pairs of equivalent Si and Ge ∆ val-
leys that are concentric in the reciprocal space only. It is
important to correctly account for the longitudinal (ml)
and the transverse (mt) effective masses of the electrons
in these ∆ valleys, in order to implement the EMA. The
effective masses of the Si and Ge ∆ valleys are very sim-
ilar to each other with ml ∼ 0.92me and mt ∼ 0.19me.51
We assume that ml and mt are constants, independent of
strain with ml = 0.92me and mt = 0.19me.
43 The depen-
dence of effective masses on strain has been reported to
be minimal by a few first principles studies.52 We further
ignore the effect of electron-electron interactions in trans-
port. This allows us to assume that the momentum com-
ponents (kx, ky) along in-plane ([100], [010]) directions of
the superlattice is conserved across the interface.6 How-
ever, the cross-plane components of the momentum ki
with i = Si, Ge are not conserved.
As discussed in the above paragraphs, the superlattice
states are formed by the mixing of pairs of equivalent
Si and Ge ∆ valleys, concentric in the reciprocal space.
These states mix in such a way that the total energy
of the electrons (E) remains conserved across the inter-
face, independently, for each pair of the ∆⊥ and ∆‖ val-
leys. Splitting E into in-plane (E‖) and cross-plane (E⊥)
energies, we can write the total energy conservation for
electrons from the ∆⊥ valleys centered at (0, 0,±kz0) as
E‖ + E⊥
=
{
~2(k2x + k2y)
2mt
}
+ V ⊥Si +
~2(kSi ∓ kz0)2
2ml
=
{
~2(k2x + k2y)
2mt
}
+ V ⊥Ge +
~2(kGe ∓ kz0)2
2ml
, (1)
and from the in-plane ∆‖ valleys centered at (±kx0, 0, 0)
as
E‖ + E⊥
=
{
~2(kx ∓ kx0)2
2ml
+
~2k2y
2mt
}
+ V
‖
Si +
~2k2Si
2mt
=
{
~2(kx ∓ kx0)2
2ml
+
~2k2y
2mt
}
+ V
‖
Ge +
~2k2Ge
2mt
. (2)
A similar energy balance equation can be written for ∆‖
valleys centered at (0,±ky0, 0) by replacing kx, kx0, ky
in Eq. 2 with ky, ky0, kx, respectively. The terms con-
tributing to E‖ are collected in the curly brackets and
the rest of the terms contribute to E⊥. It can be clearly
seen that the in-plane energy E‖ terms within the curly
brackets in Eq. 1 and Eq. 2 are identical in Si and Ge
regions. This allows us to solve for the allowed E⊥ in
the superlattices corresponding to the six pairs of ∆ val-
leys, independent of E‖. We note that the ∆⊥ valleys
obey C2 rotational symmetry about [100] and [010] axes,
while the ∆‖ valleys obey C4 rotational symmetry about
[001] axis. Owing to these symmetry considerations, it
suffices to solve for E⊥ corresponding to any one pair of
valleys from each type of ∆‖ or ∆⊥ valleys. Here, we
choose to solve for the dispersion relations of the allowed
E⊥ states corresponding to the ∆⊥ valleys centered at
(0, 0, kz0), and the ∆‖ valleys centered at (kx0, 0, 0).
In order to obtain the analytical dispersion relations
we analyze the electronic wave functions for the allowed
E⊥ states of the superlattice. The in-plane translational
symmetry and momentum conservation allow us to sepa-
rate the wave function envelopes into in-plane ei(kxx+kyy)
and cross-plane ψji (z) components, with i = Si or Ge and
j = ⊥ or ‖, respectively.6,40 The EMA or the envelope
function approximation further allows us to write ψji (z)
in the Si and Ge regions as a linear combination of their
bulk Bloch states. Solving Eq. 1 for kSi and kGe, we find
that the Bloch states at the allowed E⊥ states for the Si
and Ge ∆⊥ valleys correspond to
kSi = kz0 ±K and kGe = kz0 ± iQ,with (3a)
K =
√
2ml(E⊥ − V ⊥Si )
~2
and Q =
√
2ml(V ⊥Ge − E⊥)
~2
,
(3b)
respectively. Therefore, the cross-plane wave functions
from the ∆⊥ valley states can be written as
ψ⊥Si(z) = A
⊥
Sie
i(kz0−K)z +B⊥Sie
i(kz0+K)z (4a)
ψ⊥Ge(z) = A
⊥
Gee
(ikz0−Q)z +B⊥Gee
(ikz0+Q)z (4b)
∀ E⊥ ≥ V ⊥Si . Similarly, using Eq. (2), the Bloch states
at E⊥ for the ∆‖ valleys correspond to
kSi = ±K and kGe = ±iQ,with (5a)
K =
√
2mt(E⊥ − V ‖Si)
~2
and Q =
√
2mt(V
‖
Ge − E⊥)
~2
,
(5b)
4respectively. Therefore, cross-plane wave functions from
the ∆‖ valley states can be written as
ψ
‖
Si(z) = A
‖
Sie
−iKz +B‖Sie
iKz (6a)
ψ
‖
Ge(z) = A
‖
Gee
−Qz +B‖Gee
Qz (6b)
∀ E⊥ ≥ V ‖Si. The coefficients Aji and Bji with i =
Si or Ge and j = ⊥ or ‖, are determined by imposing
necessary boundary conditions on ψji (z). Within the
EMA framework, the wave function and its derivative
need to obey the Bastard’s continuity conditions at the
interface.35 Additionally, the wavefunction needs to sat-
isfy the Bloch’s condition, yielding ψji (z+a) = e
iqaψji (z)
and ψji (z + a)
′ = eiqaψji (z)
′, for a superlattice with pe-
riod a, and the cross-plane wave vector q. Applying these
conditions leads us to the dispersion relations of the ∆⊥
valley states centered at (0, 0, kz0) as
cos ((q − kz0)a) =
Q2 −K2
2KQ
(sin (Kb) sinh (Q(a− b)))
+ cos (Kb) cosh (Q(a− b)), (7)
and of the ∆‖ valley states as
cos (qa) =
Q2 −K2
2KQ
(sin (Kb) sinh (Q(a− b)))
+ cos (Kb) cosh (Q(a− b)). (8)
where a is the superlattice period, b the well width, and
(K,Q) determined from Eq. 3 and Eq. 5, respectively.
We solve Eqs. 7 and 8 numerically to obtain the E⊥ vs
q relationship by varying K and Q (as a function of E⊥,
Eq. 3, and Eq. 5) and solving for q. The cross-plane
energies E⊥ for ∆⊥ and ∆‖ valleys thus obtained are
superposed with their corresponding E‖, shown in Eqs. 1
and 2, for various (kx, ky) to obtain the total dispersion
E vs (q, kx, ky) across the first Brillouin zone (FBZ).
2. Valence Bands
Thus far we only discussed the dispersion relations of
the conduction minibands of Si/Ge superlattices. This
is because the electronic transport in n-doped Si/Ge su-
perlattices is mainly contributed by the electrons within
a narrow region around EF , usually located within the
CMB energy window. The superlattices we considered in
our study have a high enough band gap such that the va-
lence miniband (VMB) states do not lie this region. As a
result, theoretical predictions of electronic properties in
n-doped Si/Ge superlattices included only the CMB and
ignored the contribution from the VMB.5 Nevertheless,
for the sake of presenting a complete analysis of the elec-
tronic bands of Si/Ge superlattices using EMA, we briefly
discuss the derivation of VMB dispersion relations con-
sidering a simplified model for the anisotropic heavy holes
(HH) and light holes (LH) of Si and Ge. Similar to the
∆ valley case, it is important to correctly account for the
potential profiles and the effective masses of the HH and
LH in the Si and Ge regions of the superlattice. The va-
lence band maxima (VBM) of LH and HH coincide at the
Γ point for unstrained Si and Ge and undergo degeneracy
lifting under strain. We compute the strain controlled
LH and HH potential profiles of Si and Ge in a [001]
Si/Ge superlattice using the deformation potential the-
ory.46 We denote the strain-split HH and LH VBM with
V ji with i = Si or Ge and j = HH or LH, respectively.
The FS of HH and LH are ellipsoids centered at the Γ
point with longitudinal and transverse effective masses
that have nonlinear strain dependence.52–54 However, for
the sake of simplicity, we assume that the HH effective
masses are strain independent with longitudinal effective
masses mHHl,Si =0.28m0 and m
HH
l,Ge=0.22m0 and transverse
effective masses mHHt,Si =0.22m0 and m
HH
t,Ge=0.06m0. On
the other hand, we assume the LH longitudinal effec-
tive masses linearly decrease from 0.20m0 to 0.18m0 for
Si (mLHl,Si ) and increase from 0.05m0 to 0.14m0 for Ge
(mLHl,Ge),
43 due to the lowest to highest strain experienced
by Si (tension) and Ge (compression), respectively. We
assume the LH transverse effective masses are strain in-
dependent at mLHt,Si=0.25m0 and m
LH
t,Ge=0.07m0.
With the effective masses characterized, we can write
the energy conservation of the HH states across the in-
terface as
E = V HHSi +
~2k2Si
2mHHl,Si
+
{
~2(k2x + k2y)
2mHHt,Si
}
= V HHGe +
~2k2Ge
2mHHl,Ge
+
{
~2(k2x + k2y)
2mHHt,Ge
}
. (9)
A similar relation can be written for the LH state re-
placing the HH effective masses with that of the LH in
Eq. 9. We note that the in-plane energy components
in Si and Ge regions shown in the curly brackets in
Eq. 9 are not similar to each other unlike the ∆ val-
ley case, due to the difference in the transverse effec-
tive masses. Therefore, the total energy E cannot be
split into E⊥ and E‖ components. We solve for the al-
lowed E vs (q, kx, ky) employing EMA for various total
in-plane momenta k|| =
√
k2x + k
2
y.
35,42 Here, the E at a
given q and k‖ corresponds to all possible (kx,ky) pairs
that satisfy the chosen k‖. By choosing various k‖, we
compute the VMB across the FBZ in a manner simi-
lar to the CMB. For a rigorous calculation of the VMB
including a full consideration of the anisotropy and the
strain-dependence of the hole effective masses, the reader
is advised to consult other references.52–54 These studies
provide particularly useful insight to analyze electronic
transport in p-doped Si/Ge superlattices employing the
EMA.
5B. First-Principles Energy Dispersion Relations of Si/Ge
Superlattice Bands
In order to establish the reliability of transport prop-
erty predictions using EMA, it is important to under-
stand how the EMA bands compare to those obtained
with a higher-accuracy numerical method. We compare
the EMA bands of strained Si4Ge4 superlattices with
those obtained with DFT (Fig. 1). The electronic struc-
ture properties are obtained using the plane-waves code
Quantum Espresso (QE).55 Our Si4Ge4 model superlat-
tice supercell consists of 4 and 8 monolayers (MLs) in
the in-plane and cross-plane directions, respectively, and
corresponds to a tetragonal Brillouin zone. To simulate
the effect of substrate strain, we fix the in-plane lattice
constant a‖ corresponding to the substrate lattice con-
stant, inducing the in-plane strain Si,‖. We then re-
lax the superlattice in the [001] cross-plane direction by
performing a self-consistent calculation (SCF) using the
Broyden-Fletcher-Goldfarb-Shanno Quasi-Newton algo-
rithm. The SCF calculations are performed on a 4 ×
4 × 2 k-mesh using the generalized gradient approxi-
mation (GGA) of the Pedrew-Burke-Ernzerhof (PBE)
exchange-correlation functional by employing scalar rel-
ativistic normconserving pseudopotentials for Si and Ge
atoms.56 We generate the k-mesh using the Monkhorst-
Pack scheme which significantly reduces the computa-
tional time owing to the superlattice symmetry.57 An
energy cutoff of 30 Ry was used to expand the Kohn-
Sham orbitals in terms of a plane wave basis set.46,58
A convergence threshold of 10−9 Ry was used for self-
consistency. Following the SCF calculations, we perform
the electronic structure calculations for the Si4Ge4 su-
perlattice using non self-consistent field (NSCF) calcu-
lations. We use a dense k-mesh of 40 × 40 × 20 for all
our NSCF calculations. We ignore the spin-orbit (SO)
coupling effects in our analysis since it was shown that
the strain splittings of the bands is considerably large
compared to the SO splittings.59
C. Electronic Transport Coefficients Using Boltzmann
Transport Equation
We use BTE with the constant relaxation time approx-
imation to compute the electronic transport properties of
n-doped Si/Ge superlattices. Specifically, the cross-plane
Seebeck coefficient S, and the electrical conductivity σ
are obtained using the following expression:44,60
L(a) = τ
∫
dE
[
v2gρDOS(E)(E − EF )a
(
−∂f0(E)
∂E
)]
(10)
σ = L(0) (11)
S =
1
eT
L(1)
L(0) (12)
En
er
gy
 (e
V)
-1
 0
 1
 2 EMA DFT EMA DFT EMA DFT
0.7% 0.8% 2.1% 2.4% 3.5% 4.0% 
Z Γ     X Z Γ     X  Z Γ     X Z Γ     X   Z Γ    X Z Γ     X 
FIG. 1. Comparison of electronic bands of substrate strained
Si4Ge4 superlattices obtained using DFT and EMA. We con-
sider the superlattices with the substrate induced strain val-
ues shown at the bottom of the figure.
where e is electron charge, T is temperature, τ is the
electron relaxation time, E is energy, vg(E) is the aver-
age cross-plane group velocity of an electron with energy
E, ρDOS(E) is superlattice density of states (DOS), EF
is the Fermi energy, and f0(E) is the Fermi-Dirac distri-
bution function.
III. RESULTS AND DISCUSSION
We now discuss our main results demonstrating vari-
ous band engineering approaches to modulate the ther-
mopower and other electronic transport coefficients of
n-type Si/Ge superlattices, using EMA.
A. Comparison Between Energy Bands Obtained with
Different Methods
We show the comparison between the energy bands of
substrate strained Si4Ge4 superlattices computed with
EMA and DFT in Fig. 1, to establish the predictive power
of the EMA. The respective substrate induced in-plane
strain values are shown at the bottom of the figure. The
EMA models are chosen to represent superlattices with
Si,‖ = {0.7%, 2.1%, 3.5%}. We compare the band struc-
tures of these EMA models with the DFT models repre-
senting Si,‖ = {0.8%, 2.4%, 4.0%}. As can be noted, the
strain values as well as the lattice parameters do not have
a one-to-one comparison between the two methods. The
unstrained Si and Ge lattice constants predicted by DFT
and EMA are aDFTSi = 5.475 A˚, a
DFT
Ge = 5.740 A˚ and
aEMASi = 5.431 A˚, a
EMA
Ge = 5.658 A˚, respectively. The in-
plane strain in confined Si, Si,‖, of the superlattice DFT
models grown on a Si or a Ge substrate, ranges from 0%-
4.8%, respectively. This is in contrast with the respective
0%-4.2% range present in the EMA models. To establish
a common reference for comparison, we scale the EMA
predicted Si,‖ in the 0%-4.2% range to fit within the DFT
predicted 0%-4.8% range, and estimate the strain in an
equivalent DFT model. We further align the Fermi lev-
6els (EF ) of the EMA and DFT bands and set them to 0
eV, to facilitate the band structure comparison. We note
that the splitting of ∆ valleys and their strain induced
relative movements are very well predicted by both the
DFT and the EMA approaches. However, EMA mod-
els consider a larger band gap compared to DFT which
leads to a misalignment of the minibands. This happens
because of the systematic underestimation of the band
gaps by the Kohn-Sham states in the DFT.61 The PBE
functional, in particular, predicts an incorrect 0 eV band
gap for Ge.62 While in the EMA, we correctly account
for the band gaps of unstrained Si and Ge by matching
them with their experimental values of ∼ 1.17 eV and
∼ 0.96 eV, respectively.46,63 Therefore, one needs to ad-
just the DFT bands shown in Fig. 1 with the correct band
gaps to show a better overall match between the EMA
and DFT band structures. Nevertheless, the EMA and
the DFT CMB match well, except that EMA does not
predict sub-band splittings due to excluding inter-valley
mixing effects. With the reliability of the EMA bands es-
tablished by comparing with DFT, we proceed to analyze
the electronic transport properties of the superlattices us-
ing these bands, which we perform at T = 300 K unless
mentioned otherwise.
B. Electronic Transport Coefficients of Si/Ge
Superlattices
1. Substrate Strained Superlattices
We demonstrated that strain induced CMB modula-
tions enable tunable enhancements of the electronic ther-
mopower of the Si/Ge superlattices, especially in the
high-doping regime, in our recent work using DFT.38,39
Here, we aim to illustrate that such strain-controlled
modulations of S are also captured within a simpler EMA
approach, as this further substantiates our EMA method-
ology and helps us to form physical intuition about the
system. To this end, we compute the electronic trans-
port coefficients of the strained Si4Ge4 superlattices with
Si,‖={0.7%, 2.1%, 2.8%, 3.5%, 4.2%} employing the
EMA. We present the EMA-BTE predicted S of the
strained superlattices and that of bulk Si in Fig. 2(a)(i).
The S of bulk Si monotonically decreases with increas-
ing carrier concentration (ne), following a Pisarenko-like
relation (PR).10 The |S| of strained Si4Ge4 superlattices
shows a bulk-like monotonic behavior in the low-strain
regime (Si,‖ = 0.7%), and is reduced compared to bulk
Si. As we increase Si,‖, we note the emergence of an
oscillatory behavior as a function of the carrier concen-
tration ne, breaking the PR. A general trend can be noted
that the peaks move towards higher ne with increasing
strain. A similar trend was observed in the first princi-
ples DFT study as well.39 Our EMA-BTE approach pre-
dicts a ∼ 2.4-fold enhancement of S at ne = 5.2 × 1020
cm−3 for a substrate strained Si4Ge4 superlattice with
Si,‖=4.2%. While enhancement of S has its own ad-
vantages, it is important to characterize how the strain
induced CMB modulations affect other electronic trans-
port coefficients, to use the strain engineering approach
for a broad range of technological applications including
thermoelectric applications.
We present the variation of σ and PF (in the units
of τ) of strained Si4Ge4 superlattices with ne in Figs. 2
(a)(ii) and (iii), respectively. The σ/τ of bulk Si mono-
tonically increases with increasing ne compensating the
monotonic decrease of the S. This S−σ trade-off results
in the PF peak at ne ∼ 3.2 × 1020 cm−3, in a similar
manner discussed in previous studies.10 Interestingly, σ
of Si4Ge4 superlattices are slightly increased in the low
strain (0.7%) regime, compensating for the decrease in
S. As a result, the PF peak shifts towards lower ne re-
sulting in a ∼ 10% increase of PF for ne < 5 × 1019
cm−3. However, σ is reduced in the superlattices with
moderate (2.1%) to high (4.2%) substrate strain. This
results in a reduced PF for ne < 10
20 cm−3 for mod-
erate to high strain cases. A trend can be noted that
the PF peak becomes sharper and shifts towards higher
ne with increasing strain. PF is ∼ 20% improved at
ne ∼ 11 × 1020 cm−3 for the highest strain case (4.2%).
This re-establishes the idea that the miniband modifica-
tions induced by the substrate strain can help modulate
electronic transport in superlattices.
2. Strain-Symmetrized Superlattices with Varied Period
However, it was found that it is energetically un-
favourable to grow strained Si/Ge superlattices.64–67 In-
stead, SS superlattices are more stable and can be grown
easily.66 In these superlattices, strain originates due to
the lattice mismatch between the superlattice compo-
nents. Hence, it is of practical interest to explore the
strain induced electronic properties of SS superlattices.
Previous studies reported that the electronic transport
in the SS superlattices can be modulated by varying the
superlattice periods and the layer thicknesses.9,10,64,68,69
In Fig. 2 (b), we present the electronic properties of SS
SinGen superlattices with varied periods, L = 2n, where
n = {5, 10, 16, 22, 32} MLs. Interestingly, the in-plane
strain in the confined silicon components of the SS su-
perlattices is a constant, Si,‖=1.9%, independent of n.46
Since the Si,‖ is the same for all the chosen superlat-
tices, the potential profiles in Si and Ge regions are also
the same. The only variables are the widths of the Si
(well) and Ge (barrier) regions, which vary by the same
number of MLs, with the variation of the period of the su-
perlattice. We predict that these superlattices display an
oscillatory S with respect to ne as shown in Fig. 2(b)(i),
breaking the PR. Particularly, the n = 10, 16, and 22
superlattices show a strong oscillatory behavior with re-
gions of increase and decrease of S. While the n = 5 and
32 superlattices show an increased S for all ne consid-
ered, with the n = 32 superlattice showing a remarkable
increase of overall S. The thermopower of the n = 32
7FIG. 2. Electronic transport properties of Si/Ge superlattice obtained with EMA: (a) substrate strained Si4Ge4 superlattices,
(b) SinGen superlattices with varying periods, (c) SipGeq superlattices with a fixed period of p+q = 32 and varied well (Si) and
barrier (Ge) widths. The top panels display the thermopower or Seebeck coefficients (S), the middle panels display electronic
conductivity (σ) and the bottom panels display the electronic power factors (S2σ), in units of τ , respectively. All calculations
are performed at 300 K.
superlattice shows a maximum ∼ 3.2-fold enhancement
at ne = 7 × 1019cm−3. However, the increase of S is
compensated by decrease of σ as shown in Fig. 2(b) (ii),
in a similar manner to that of the substrate strained su-
perlattices discussed before. This S − σ trade-off results
in the drastically diminishing PF for ne < 10
20cm−3 as
shown in Fig. 2(b) (iii). On the other hand, in the high-
doping regime ne > 5× 1020cm−3, we observe a 10-20%
enhancement of PF for n = 5, 16, and 22 superlattices.
Through this analysis, we establish that modulations in
the electronic transport properties can be achieved by
varying period of the SS Si/Ge superlattices.
3. Strain-Symmetrized Superlattices with Fixed Period
and Varied Compositions
The strain-symmetrized superlattices we have dis-
cussed thus far have a constant potential profile owing to
the equal number Si and Ge MLs. However, the strain in
the SS superlattices vary when the number of Si (p) and
Ge MLs (q) are varied independently.46 The non-uniform
strain leads to variable potential profiles in the Si and Ge
regions. Additionally, the ratio of well to barrier width is
not constant in these cases. Here we investigate SipGeq
superlattices with p + q = 32 MLs. In Fig. 2 (c), we
present the electronic transport properties of SipGeq su-
perlattices with (p, q)={(20,12), (16,16), (12,20)} yield-
ing symmetrized strains, Si,‖={1.4%, 1.9%, 2.4%}. In
Fig. 2 (c)(i), we find that for p > q, S in the low-doping
regime is considerably enhanced while maintaining an
overall improvement in the mid to high doping regimes.
Increasing the Ge MLs tends to push the high-S regions
to higher ne preceded by low regions in the form of oscil-
latory peaks. The Si12Ge20 superlattice shows a signifi-
cant ∼ 3-fold S enhancement compared to the bulk Si at
ne = 7× 1019cm−3. Interestingly, among the three cases
studied, the S − σ trade-off plays in such a way that the
p = q case gives the maximum enhancement in the PF
in the high-doping regime.
84. Qualitative Explanation of the Modulation of
Electronic Transport in Superlattices
We demonstrated that the Pisarenko-like S vs ne in-
verse relationship can be broken in substrate strained and
strain-symmetrized n-doped Si/Ge superlattices. Only a
few studies reported such a behavior in Si/Ge superlat-
tices.10,38,39 It is therefore important to understand the
mechanism that governs this behavior to aid future re-
search. At a given temperature, S ∝ L(1)/σ in the BTE
framework (Eq. 12). Therefore, to understand the behav-
ior of S with ne, it is imperative to understand the func-
tional relationship of L(1) and σ with ne. We note that
both L(1) and σ are determined from the integrals con-
taining the product v2gρDOS
(
−∂f0∂E
)
. The term v2gρDOS
can be thought of as the electronic contribution to trans-
port at energy E. While the term
(
−∂f0∂E
)
, referred to
as the Fermi window (FW), determines the energy win-
dow in which the dominant electronic contribution to
transport occurs. The FW is centered at and symmet-
ric with respect to EF and full-width at half-maximum
∼ 3.5kBT , where kB is the Boltzmann constant. As the
ne is increased at a fixed T , the FW shifts in energy
as EF raises in energy. The L(1) integral additionally
includes the product of (E − EF ) and the FW, result-
ing in an anti-symmetric window (ASW) function in the
numerator. Due to the presence of the ASW in L(1),
the electrons with energy above EF contribute positively
towards the net S and are referred to as hot electrons.
While, the electrons with energy below EF contribute
negatively towards S and are referred to as cold elec-
trons. This distinction between the integrands of L(1)
and σ can be used to explain the intriguing behavior of
S and the S − σ trade-off mentioned before. We present
a brief discussion of this aspect in the following para-
graphs to explain our observations. The interested reader
is encouraged to consult previous studies to acquire more
understanding of the physical phenomena.6–9
ρDOS and vg monotonically increase with E in bulk Si
owing to the parabolic approximation of ∆ valleys made
in the EMA. Therefore as ne is increased, more electronic
states fall within FW. With this understanding, it natu-
rally follows from Eq. 11 that σ of bulk Si monotonically
increases with ne. On the other hand, due to the presence
of ASW in L(1), we find that σ/L(1) also monotonically
increases with ne. This happens because L(1) increases
at a lower rate with ne compared to σ. This explains the
Pisarenko-like S vs ne inverse relationship observed for
bulk Si. In contrast, the formation of minibands and the
degeneracy splitting of ∆ valleys in [001] Si/Ge super-
lattices lead to non-monotonic step-like ρDOS and vg.
5,70
This results in the oscillatory S shown in Fig. 2. S is
increased when the rate of increase of L(1) with ne is
greater than that of σ with ne. This happens at an ne
when the corresponding EF approaches a miniband edge
resulting in a sharp increase of the v2gρDOS above the EF
leading to a transport that is strongly in favour of hot
electrons over the cold electrons. We elucidate this direct
relationship between S and v2gρDOS below to explain the
electronic transport properties of the superlattices shown
in Fig. 2 in columns (a), (b), and (c).
(a) In strained Si4Ge4 superlattices, the minibands
from the ∆‖ valleys move upwards in energy with respect
to those from the ∆⊥ valleys, with increasing strain. This
energy shift creates oscillatory peak in the S vs ne curve
that moves towards higher ne as Si,‖ increases from 2.1%
to 4.2% as shown in Fig. 2 (a). The high ne peak also nar-
rows with increasing strain since the first ∆‖ miniband
states move closer to the second ∆⊥ miniband states as
shown in Fig. 1.
(b) In strain-symmetrized SinGen superlattices with
varied periods, we increase the well and barrier widths
simultaneously. As explained before, this implies the po-
tential profile of the ∆⊥ and ∆‖ valleys within the well
and barrier regions is unaffected. Therefore, the modula-
tion of the minibands in these superlattices is primarily
due to the reduction of the BZ in the cross-plane direc-
tion. In a reduced BZ, the number of minibands is in-
creased owing to the band folding effects. Therefore, the
FW and ASW include more oscillations of the v2gρDOS
which manifests as a strong oscillatory S, especially for
n = 10, 16, and 22 superlattices. Interestingly, the oscil-
latory nature is less prominent in the n = 32 superlattice.
This is because although there are more minibands in the
n = 32 superlattice, some minibands are sufficiently close
to each other that the FW and ASW cannot distinguish
them as distinct bands.
(c) In strain-symmetrized SipGeq superlattices with
fixed periods, we vary the composition of the well and
the barrier components keeping the total number of the
MLs fixed. In all the superlattices, the period and hence
the superlattice BZ is approximately invariant. There-
fore, the major factors that influence the miniband dis-
persion are the variable symmetrized strains, and the well
and the barrier widths. A variable symmetrized strain,
as explained previously, implies a varying potential pro-
file in the well and the barrier regions. When p > q,
the a‖ of the superlattice tends to relax close to aSi and
the potential profiles tend towards that of the low sub-
strate strain case. This effect, in conjunction with the
increased well width, results in a sharper increase of the
v2gρDOS in the low-doping regime compared to bulk Si.
This in turn leads to a considerable improvement of S in
the low-doping regime. On the other hand, in the case of
p < q, the a‖ of the superlattice tends to relax close to
aGe and the potential profiles tend towards that of the
high substrate strain case. Moreover, the barrier width is
considerably increased in this case which further narrows
the minibands. These effects together lead to a sharp
increase of the v2gρDOS leading to a local S peak in the
high-doping regime.
9FIG. 3. Temperature dependent S of Si32Ge32 superlattice
(solid lines) and bulk Si (dashed lines) as a function of carrier
concentrations.
5. Effect of Temperature on Thermopower of
Superlattices
We have demonstrated the various ways to modulate S
as a function of ne at a fixed T = 300 K, by modifying the
superlattice band structure with varied strain, period,
and composition. However, the FW width varies with T
resulting in a temperature dependence in S. In degener-
ate semiconductors, there exists a direct relationship be-
tween S and T at a fixed doping level.71 In Fig. 3, we show
a monotonically increasing S−T relationship for bulk Si
(dashed lines) ∀ ne considered. However, we find that this
monotonic relationship is broken in Si/Ge superlattices,
especially at the technologically relevant doping regime.
S of Si32Ge32 superlattices increases with T up to 450 K
and drops as we go higher in T , for ne < 10
19cm−3, as
shown in Fig. 3 (solid lines). This can be qualitatively ex-
plained from the understanding that the FW and hence
the ASW broaden with increasing T leading to a varia-
tion in the contribution from the hot and the cold elec-
trons to S with T at a given ne. In the case of bulk Si,
the ASW broadening leads to an increased contribution
from the hot electrons due to a monotonically increasing
v2gρDOS . While the non-monotonic nature of the v
2
gρDOS
results in the observed behavior in the Si32Ge32 super-
lattice. As T is increased to 450K, the superlattice mini-
band states that resulted in a bump in S at T = 300 K
around ne ∼ 7 × 1019cm−3 (Fig. 2), contribute to S at
a lower ne due to the ASW broadening. Therefore, we
see up to ∼ 2.4-fold S enhancement at T = 450 K in
the low-doping regime. However, further increase of T
extends the ASW to include the shallow v2gρDOS region,
corresponding to the cross-plane miniband gap that fol-
lows the miniband states that led to the bump at 300 K,
resulting in a decreasing S. In the high-doping regime,
ne > 3×1020cm−3, S monotonically increases with T ap-
proaching a Pisarenko-like behavior as observed in bulk
Si. The EF is high enough that the miniband like nature
is less apparent in the high-doping regime.
IV. SUMMARY AND OUTLOOK
We analyzed the cross-plane miniband transport in n-
doped [001] Si/Ge superlattices with the effective mass
approximation, and explored ways to enhance the elec-
tronic thermopower and power factor. To the best of
our knowledge, only direct-gap based EMA has been em-
ployed so far to investigate the electronic transport prop-
erties of the Si/Ge superlattices. Here we established a
new indirect-gap based EMA approach to correctly ac-
count for the indirect nature of the Si and Ge band gaps
in the analysis. We compared the energy bands obtained
with EMA with those computed with DFT to discuss
the reliability of the approach. Using BTE framework
in combination with the EMA band analysis, we uncov-
ered that S of n-doped Si/Ge superlattices can be en-
hanced up to ∼ 3.2-fold in high doping regimes, breaking
the Pisarenko relation. We demonstrated that this tun-
ability can be achieved by growing the superlattices on
various substrates, and varying superlattice period, and
the composition. The increase of S is largely compen-
sated by the decrease in σ leading to a reduced PF in
most of these cases. However, we observed modest im-
provement of the PF of superlattices under a low (high)
substrate strain, in low (high) doping regimes. We note
improvements of the PF of symmetrically strained super-
lattices in the high-doping regimes as well with varying
period and composition. We show that in addition to
varying non-monotonically with increasing ne due to lat-
tice strain, S shows a non-monotonic increase with in-
creasing T as well, especially in the low-doping regime.
Therefore, further analysis is required to estimate the
electronic transport properties of [001] Si/Ge superlat-
tices at varied strain environments or desired tempera-
tures. Further improvements could be made in the cur-
rent work by including the inter-valley mixing effects,
non-conservation of transverse momentum, and a non-
constant electronic relaxation time. In addition, pertur-
bation theory may be employed in conjunction to cor-
rectly account for the band splittings at the Brillouin
zone boundaries.72 We hope that our analyses act as
preliminary predictions encouraging further theoretical
and experimental research to validate our findings. Our
approach can be extended to other superlattice systems
as well. For instance, one can use the methods pre-
sented in this work to study dimensional effects on elec-
tronic transport in two-dimensional nanowire superlat-
tices and three-dimensional nanodot superlattices. Nu-
merical matrix method based approaches may be em-
ployed to carry on the analysis.73–75 We anticipate that
the ideas presented here will have a strong impact in
controlling electronic transport in various thermoelectric,
opto-electronic, and quantum-enhanced materials appli-
cations.
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